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Abstract — The theory and applications of the parti-
cle filter (PF) have developed tremendously during the
past two decades. However, there appear to be no ver-
ston of the PF readily applicable to the case of depen-
dent process and measurement noise. This is in contrast
to the Kalman filter, where the case of correlated noise
s a standard modification. Further, the fact that sam-
pling continuous time models give dependent noise pro-
cesses is an often neglected fact in literature. We derive
the optimal proposal distribution in the PF for general
and Gaussian noise processes, respectively. The main
result is a modified prediction step. It is demonstrated
that the original Bootstrap particle filter gets a partic-
ular simple and explicit form for dependent Gaussian
Finally, the practical importance of dependent
noise is motiated in terms of sampling of continuous
time models.

noise.
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1 Problem Formulation

The standard model in particle filtering literature
(see e.g. [3]- [7]) is based on the prediction model and
likelihood function, respectively,

p(Try1lTr),
p(yk|zr)-

The case of dependent noise can be phrased as
p(Yk, Thr1|xk), where

(2)

that is, yr and zp41 are not independent. In engineer-
ing literature, the following state space model, and vari-
ants of it, is commonly used,

P(Yks Tot1|zk) # p(@ps1|on)p(Yr| k),

(3a)
(3b)

Tpy1 = [r(zr) + Guy,
Yk = hi(zr) + ek.

The inequality (2) applies in case the process noise vy,
and the measurement noise ej, are dependent. The pro-
posal distribution for this case is derived in Section 2.
To get instructive and explicit expressions, the Gaus-
sian case,

To ~ N(fl\o,P1\0>a

() ex(o (& 7))

is studied in detail in 3. The standard PF applies for
the case S = 0 only. This Gaussian model can also be
written as

(o)1) = ((F625)- (56 %))
(@)

Note that this noise covariance is the standard repre-
sentation in the classic text book [1] on Kalman filters

The case of dependent noise might be more common
in practice than is acknowledged in literature. More
specifically, it occurs whenever a (linear or nonlinear)
filter is based on a discrete time model that is derived
from a continuous time model. The only exception is
when a piecewise constant noise process is assumed.
Section 4 motivates the importance of dependent noise
processes in these terms.

(3¢)

(3d)

2 Optimal Proposal for Depen-
dent Noise

The proposal distribution has the functional form
q(zk|x1k, y1.6). In the standard PF, the Markovian
property and the independence of yi.;,—1 and xj are
used to get

(1) = q(zil|z1:0—1, Y1:6) = q(Tr|Tr—1, Y&)- (5a)

For the case (2), there is a correlation between yi_;
and x, so we get

(2) = q(z|z1:0-1, Y1:6) = ¢(@k|Th—1, Yr, Yu—1). (5b)



Based on this, we derive the following theorem for the
optimal proposal function.

Theorem 1 [Optimal proposal for dependent
noise| For the model specified by (2), the optimal pro-
posal function is given by

P&k Yr—1|we—1)p(yrlzr) (6)

AP\ Tk |Tk—1,Yk, Yk—1) =
(= ) P(Yks Yk—1]Tr—1)

Proof: The optimal proposal is given by the posterior
distribution of the same form, which can be rewritten
using Bayes’ law twice and two conditional indepen-
dence properties in the last equality,

q(Tr|Te—1,Yr, Y1)

= p(Tk|Tr—1, Yk, Yk—1)

_ (ks Yr—1]Th—1, i) (70)

P(Yk—1lTr-1, k)

_ (@, Ye—1|ze—)P(YrlTh, Tr1, Yk 1) (7d)
P(Yk—1|zr—1, Yr)P(Yk|TK—1)

_ ek, yr—alrh—1)p(yk|zr) (7e)

P(Yk—1|rk—1)p(yk|TK-1)

_ p(xk,yk71|33k71)19(yk|$k)_ <7f)

Pk Yr—1|Tr—1)

This concludes the proof. .
The optimal proposal as described in (6) has been used
as a special case for estimating the stochastic volatility
in [8]. This optimal proposal should be compared to
the standard one given by

panloe-pledn) g

q(zg|Tp—1,yk) =
P(Yk|Tr—1)

One can just as for the standard PF define two extreme
cases of sub-optimal proposal distributions

Prior : q(zr|Tr—1, yp—1) x p(Tk, ykfl‘xkfl)
(9a)
Likelihood : q(zi|yr) < p(yi|er). (9b)

The first proposal corresponds to the model (2), while
the second proposal requires a marginalization of the
model using

p(yk|rr) = /p($k+1,yk|$k)d$k+1- (10)

3 Gaussian Model

We next study the Gaussian model in (4). The main
result is given in Theorem 1.

Theorem 2 [Optimal proposal for Gaussian de-
pendent noise] For the model specified by (4), the op-

timal proposal function is given by

(k| Th—1, Yr» Yr—1) X

N (ivk — f(@p—1) + Greo1Se—1 R (Yrm1 — h(zi—1)),

Gr-1(Qr-1 — Sk—lR;;_llskT_ﬁGg—l)

x N(yx — h(zr), Ri). (11)
Proof: The result follows from (6) by studying the two
factors in the numerator. The second factor follows by
straightforward marginalization (10). The first factor
(zk|rg—1,yr—1) follows by using Lemma 1 below. O

Lemma 1 [Conditional Gaussian Distributions]
Suppose the vectors X andY are simultaneously Gaus-

sian distributed
~N , Y =N ,P.
(Y> ((W) (Pmy Pyy)) <<:“y
(12)
Then, the conditional distribution for X, given the ob-
served Y =y, is Gaussian distributed:

(X‘Y = y) ~ N(/’L$+Paj’l}P'¢;yl(y_M’l/)7P(EI_P:EyP;ylfya:))
13

Since the optimal proposal in (6) can be evaluated
point-wise for each sample xj up to an unknown scaling
factor p(yk,yx—1|xx—1), the principle of sampling im-
portance resampling is applicable to generate random
numbers from the proposal q(zg|Tk—1, Yk, yk—1). Note
that another proposal function is needed here.

The prior proposal in (9a) becomes more explicit as
summarized in the Corollary 1.

Corollary 1 [Prior proposal for Gaussian depen-
dent noise| . For the model specified by (4), the opti-
mal proposal function is given by

q(zg|TK—1,yk—1) =

N (ﬂfk; flar—1) = Geo1Sk—1 Rty (Yr—1 — hlzi—1)),

Gr-1(Qr—1 — Sk_lR;_HS{_l)Gf_l) (14)

Proof: In this case, the proposal is p(xg|Tr—1,Yk—1)
which is directly given by Lemma 1. ]

It is thus straightforward to generate samples from
this proposal using the Gaussian random number gen-
erator. It is the correction terms that are non-trivial.
The standard SIR PF is obtained by letting S = 0 in
(11). The generalized version of the SIR PF is summa-
rized in Algorithm 1.

Algorithm 1 [SIR PF for dependent noise| Iter-
ation: Fork=1,2,....



1. Measurement update: Fori=1,2,..., N,

i Lo i
Wik = awk\k—lN(kah(xk),Rk) (15a)

where the normalization weight is chosen such that
N i 1
>im1 W = 4

2. Resampling: Optionally at each time, take N sam-
ples with replacement from the set {x% , }N | where
the probability to take sample i is wi;uc and let

wz‘kzl/N.

3. Time update: Generate predictions according to
the proposal distribution

acceleration model p(t) = u(t) include angular rate in-
tegration ¢(t) = u(t), where ¢(t) is an orientation vec-
tor, and odometry p(t) = u(t), where velocity is mea-
sured. All motion models used in target tracking have
basically the same problem, the difference is that there
is no measured input wu(t).

5 Practical Examples

Here we mention some popular applications where
the dependency between the process noise and the ob-
servation noise in the state space model appears quite
naturally.

5.1 Sensor Fusion Application

Consider the problem of fusing GPS position mea-

xi ~N (f(x?g—l) - Gk—lsk—lRI;E1 (yk—l - h(xZ—l))surements with inertial measurements from an IMU (in-

Gro1(Qr—1 — Sk,lR,;_lls,{,l)G{,l). (15b)

4 Dependent Noise in Sampled
Systems

To motivate the importance of dependent noise, con-
sider a continuous time linear model with a noisy input,

K-
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~
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Az(t) + B(u(t) +v(t)),
Cx(t) + D(u(t) + v(t)) + e(t).

(16a)
(16b)
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For the case D # 0, the correlation between process
noise v(t) and measurement noise Dv(t) + e(t) is obvi-
ous. However, even in the case D = 0, correlation will
occur in the discretized system due to sampling. Table
1 summarizes different sampling strategies (see Chapter
13.1 in [2]), and the corresponding discrete time model
is given by,

Trp+1 = Foy, —l—G(uk +Uk) = Fxy + Guy, + g, (17&)
Yk =H$k+J(uk+Uk) +er = Hxg + Jug + ég,

(17b)
= T T
(5)ex(o035 37)
€L JQG R
A typical example of such models is in inertial navi-
gation, where u(t) is the acceleration measured by an
accelerometer, and the model for position is given by
p(t) = u(t). The accelerometer signal is usually low-
pass filtered before the sampling, and the bilinear sam-
pling formula is appropriate.

The only exception where correlation does not occur,
is when the process noise is assumed piecewise constant
between the sampling instants (ZOH), which is clearly
unphysical but still the dominating assumption in the
filtering literature.

Virtually all models used in navigation (see e.g. [9])
suffer from dependent noise. Other examples than the

(17¢)

ertial measurement unit). This is one of the most classi-
cal sensor fusion applications. However, one less inves-
tigated issue is time alignment of these two sensors [10].
Let the timing error in the GPS receiver compared to
the IMU be A, which is not an integer multiple of the
sampling interval, but rather a fractional delay. As a
simplified example of the application in [10], consider a
one-dimensional model, where the IMU measures linear
acceleration aj with noise wy,

Pry1 = P + Tovr + T2 /2(ar, + wy), (18)

Vg1 = Uk + Tsa + Tswy, (19)
yr = p(kTs — A) + eg,

~ pr — veA + (ar + wip)A%/2 + ey, (20)

where a second order Taylor expansion of the position
pr = p(kT,) has been included. Since the acceleration
input enters both the dynamics and measurement equa-
tion with its measurement noise, we have an example
of dependent noise.

The example above can be generalized to any sensor
model h(py) that depends on the position, including all
the applications in [9], using the Taylor expansion

yr = h(p(kKT = A)) + ey,

~ h(pk — kA + (ap + wi) A%/2) + e (21)

5.2 Econometric Application

Consider the so called GARCH-M model for estimat-
ing the volatility from the observed mean return data.
This model is very popular in financial literature and
can be described as follows :

hy =

Tt

—~
DO
[\

~

Y1+ Yehi—1 + Y364
u+ (5\/Et + €

—
[N N
=~ W
~— ~—



Table 1: Correlation due to sampling of the state () = (p(t), v(¢t))T in a double integrator using zero-order hold
(ZOH, assuming piecewise contant input), first-order hold (FOH, assuming piecewise linear input), and bilinear
transformation (BIL), which is an often used approximation for band-limited signals.

Continuous time A = (8: éZ) B = (?:) C = (In, 0p) D=0,
ZOH F= (é’; Té") G = <T%21{Ln H = (I, On) J=0n
FOH F= (é’; Té") G = (fﬁ) H = (In, 0,) J=21,
BIL F= (éz Tlin) G= <%211> H= (I, $1.)  7=%1,

where h; is the unobserved volatility, r; is the observed
mean return, ¢, = Vhyz; with z, ~ N(0,1). The rest
of the parameters are the same as described in [11](see
equation (2)—(3) of section 3.1 there). This is another
example where the noises are found to be dependent.

6 Conclusions

The fact that the process noise is correlated with the
measurement noise in sampled models is often neglected
in literature. There might be several reasons for this.
The process noise is often instrumental for the tuning,
so its physical is of less importance. Another reason is
that the correlation can be quite small for fast sampling
compared to the time constant of the system. A final
reason might be that the PF theory is not yet adapted
to dependent noise, in contrast to the KF literature
where this is more of a standard assumption with a
rather simple remedy.

Our contribution is to point out that the basic model
for the PF should be p(yg, Zx+1|zx). The corresponding
optimal proposal distribution was derived, and the two
most common approximations (prior and likelihood, re-
spectively) were stated as special cases. The special
case of additive Gaussian noise processes was studied in
detail, and the common Bootstrap/SIR PF was modi-
fied by a new prediction step.
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